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Quasirotational Motions
and Stability Problem in Dynamics
of String Hadron Models
G. S. Sharov
Tver State University, Sadovyj per., 35, 170002, Tver, Russia
For the relativistic string with massive ends (the meson model) and four various string baryon
models (q-qq, q-q-q, Y and ∆) we consider the classical quasirotational motions, which are small
disturbances of the planar uniform rotations of these systems. For the string meson model the two
types of these solutions are obtained. They describe oscillatory motions in the form of stationary
waves in the rotational plane and in the orthogonal direction. This approach and the suggested
method of determining an arbitrary motion of the system on the base of initial data let us solve the
stability problem for the rotational motions for all mentioned string configurations.
It is shown that the classic rotational motions are stable for the string meson model (or its analog
q-qq) and for the ∆ baryon configuration, but they are unstable for the string baryon models Y
and q-q-q. For the latter two systems any small asymmetric disturbances grow with growing time.
The motion of the q-q-q configuration become more complicated and quasiperiodic but quarks do
not merge. In the case of Y model the evolution of disturbances results in falling a quark into the
junction. These features of the classic behavior are important for describing the hadron states on
the Regge trajectories and for choosing and developing the most adequate QCD-based string hadron
models.
INTRODUCTION
The string hadron models [1–9] use the striking anal-
ogy between the QCD confinement mechanism at large
interquark distances and the relativistic string with lin-
early growing energy connecting two material points.
Such a string with massive ends may be regarded as the
meson string model [2,3].
String models of the baryon were suggested in the fol-
lowing four variants (Fig. 1) differing from each other in
the topology of spatial junction of three massive points
(quarks) by relativistic strings: (a) the quark-diquark
model q-qq [4] (on the classic level it coincides with the
meson model [2]); (b) the linear configuration q-q-q [5];
(c) the “three-string” model or Y-configuration [6,7] and
(d) the “triangle” model or ∆-configuration [8,9].
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FIG. 1. String baryon models.
The problem of choosing the most adequate string
baryon model among the four mentioned ones has not
been solved yet. Investigation of this problem from the
point of view of the QCD limit at large distances has
not been completed. In particular, the QCD-motivated
baryon Wilson loop operator approach gives some argu-
ments in favour of the Y-configuration [10] or the “trian-
gle” model [11]. Leaving the Wilson loop analysis out-
side this paper we concentrate on the classical dynamics
of these configurations.
For all mentioned string hadron models the classical
solutions describing the rotational motion (planar uni-
form rotations of the system) are known and widely used
for modeling the orbitally excited hadron states on the
main Regge trajectories [4,12–14]. The rotational motion
of the meson model or the baryon configuration q-qq is
a rotation of the rectilinear string segment [2,4]. For the
model q-q-q the motion is the same but with the mid-
dle quark at the rotational center. The form of rotating
three-string configuration is three rectilinear string seg-
ments joined in a plane at the angles 120◦ [6,7]. For the
model “triangle” this form is the rotating closed curve
consisting of segments of a hypocycloid [8,9].
In this paper we consider the motions of all these sys-
tems which are close to rotational ones. They are inter-
esting due to the following two reasons: (a) we are to
search the motions describing the hadron states, which
are usually interpreted as higher radially excited states
in the potential models [14], in other words, we are to
describe the daughter Regge trajectories; (b) the impor-
tant problem of stability of rotational motions has not
been solved yet for all mentioned string models. For
the meson string model the quasirotational motions of
slightly curved string with massive ends were searched
in Ref. [15]. But some simplifying assumptions in these
papers oblige us in Sect. I to verify the solutions [15] nu-
merically and to suggest another approach for obtaining
the quasirotational solutions in the form of stationary
waves and solving the stability problem. In the following
Sects. II, III and IV the stability problem for the string
baryon configurations ∆, q-q-q and Y (Fig. 1) is tested
with using the suggested method of solving the initial-
boundary value problem for these systems.
1
I. STRING WITH MASSIVE ENDS
The relativistic string with the tension γ and the
masses m1, m2 at the ends (the meson or q-qq baryon
model) is described by the action [2,3,13]
S = −γ
∫
Ω
∫ √−g dτ dσ −
N∑
i=1
mi
∫ √
x˙2i (τ) dτ, (1)
written here in the general form with N material points
for all mentioned hadron models. For the string with
massive ends N = 2, Xµ(τ, σ) are coordinates of a string
point in D-dimensional Minkowski space R1,D−1 with
signature +,−,−, . . ., g = X˙2X ′2 − (X˙,X ′)2, (a, b) =
aµbµ is the (pseudo)scalar product, X˙
µ = ∂τX
µ, X ′µ =
∂σX
µ, Ω = {(τ, σ) : τ1 < τ < τ2, σ1(τ) < σ < σ2(τ)},
σi(τ) are inner coordinates of the quark
∗ world lines,
their coordinates in R1,D−1 are xµi (τ) = X
µ(τ, σi(τ)),
x˙µi =
d
dτ x
µ
i (τ); the speed of light c = 1. The first sum-
mand in Eq. (1) is proportional to the world surface area
and may be rewritten in the equivalent form [3,15].
The equations of motion
∂
∂τ
∂
√−g
∂X˙µ
+
∂
∂σ
∂
√−g
∂X ′µ
= 0, (2)
and the boundary conditions for the quark trajectories
d
dτ
x˙iµ√
x˙2i
− (−1)
iγ
mi
[
∂
√−g
∂X ′µ
− σ′i(τ)
∂
√−g
∂X˙µ
]∣∣∣∣
σ=σi
= 0 (3)
are deduced from action (1) [3].
The exact solution of Eq. (2) satisfying conditions (3)
and describing the rotational motion of the rectilinear
string is well known [2–4] and may be represented as
X0 ≡ t = bτ, X1 + iX2 = ω−1 sin(ωbσ) · eiωt. (4)
Here ω is the angular velocity, σ ∈ [σ1, σ2], σi = const,
σ1 ≤ 0 < σ2; the substitution σ˜ = sin(ωbσ) can be made.
The authors of Refs. [15] search motions of this system
close to the rotational one (4) in the form
X0 = t, X1 + iX2 = σR(t) · ei[ωt+φ(t)+f(σ)], (5)
where φ(t), f(σ), R˙(t) are assumed to be small. After
substituting this formula into Eq. (2) and dropping the
second order terms they obtain the expression for f(σ)
f(σ) = φ¨(t)ω−3R−1(t)
[
f1(σ, v⊥)− f1(1, v⊥)
]
, (6)
where f1(σ, v⊥) = (
1
2v⊥A + σ
−1
√
1− σ2v2⊥)A, A =
arcsinσv⊥, v⊥ = ωR(t), σ1 = 0 ≤ σ ≤ 1 = σ2, the
first heavy quark with m1 →∞ is at rest.
∗We use the term “quark” for brevity, here and below quarks,
antiquarks and diquarks are material points on the classic
level.
Deducing Eq. (6) the authors of Refs. [15] ignore that
(a) the obtained function f(σ) (6) depends on t essen-
tially [one may assume the dependencies R(t), v⊥(t) weak
but this can not be valid for the multiplier φ¨(t)] so all pre-
vious calculations appear to be wrong; (b) expression (5),
(6) does not satisfy the boundary condition (3) for the
moving quark. The dependencies φ(t), f , R(t)− 〈R〉 on
time should also be analyzed. In particular, the follow-
ing important question remains without answer: do these
disturbances grow with growing time, in other words, is
the rotational motion (4) stable?
In our opinion, the better way of searching quasirota-
tional motions and solving the stability problem includes
the choice of the coordinates τ, σ on the world surface
(that can always be made [3]), in which the orthonor-
mality conditions
X˙2 +X ′2 = 0, (X˙,X ′) = 0, (7)
are satisfied. Under restrictions (7) the equations of mo-
tion (2) become linear
X¨µ +X ′′µ = 0, (8)
and the boundary conditions (3) take the simplest form
mi
d
dτ
Uµi (τ) + (−1)iγX ′µ(τ, σi) = 0, i = 1, 2, (9)
where Uµi (τ) = x˙
µ
i (τ)
/√
x˙2i is the unit R
1,D−1-velocity
vector of i-th quark.
In Eqs. (9) the functions σi(τ) are chosen in the form
σi(τ) = const. One can always fix them, in particular, as
σ1 = 0, σ2 = π (10)
with the help of the reparametrizations [3]
τ˜ ± σ˜ = f±(τ ± σ) (11)
(f± are arbitrary smooth monotone functions), which
keep invariance of Eqs. (7) and (8).
Using the general solution of Eq. (8)
Xµ(τ, σ) =
1
2
[
Ψµ+(τ + σ) + Ψ
µ
−(τ − σ)
]
, (12)
we can reduce the problem in a natural way to solving or-
dinary differential equations. In particular, this approach
is fruitful for considering the initial-boundary value prob-
lem (IBVP) for the string with massive ends [16]. This
problem implies obtaining the motion of the string on the
base of two given initial conditions: an initial position of
the system in Minkowski space and initial velocities of
string points. In other words, we are to determine the
solution of Eq. (8) Xµ(τ, σ) satisfying the orthonormality
(7), boundary (9) and initial conditions.
An initial position of the string can be given as the
parametric curve in Minkowski space
xµ = ρµ(λ), λ ∈ [λ1, λ2], ρ′2 < 0. (13)
Initial velocity of a string point is a time-like vector on
this curve vµ(λ), λ ∈ [λ1, λ2], vµ(λ) may be multiplied
by an arbitrary scalar function χ(λ) > 0.
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To solve the problem we set parametrically the initial
curve on the world sheet
τ = τˇ (λ), σ = σˇ(λ), λ ∈ [λ1, λ2], (14)
and use the following general form for the initial position
of the string [16]:
Xµ
(
τˇ (λ), σˇ(λ)
)
= ρµ(λ), λ ∈ [λ1, λ2]. (15)
Here |τˇ ′| < σˇ′, τˇ(λ1) = σˇ(λ1) = 0, σˇ(λ2) = π. There is
the freedom in choosing the functions τˇ (λ), σˇ(λ) [16,17]
connected with the invariance of Eqs. (7), (8), (9) and
(10) with respect to the substitutions (11) where
f+(ξ) = f−(ξ) = f(ξ), f(ξ + 2π) = f(ξ) + 2π (16)
and f ′(ξ) > 0.
Using the formulas [16]
d
dλ
Ψµ±
(
τˇ(λ) ± σˇ(λ)) =
[
1± (v, ρ
′)
∆
]
ρ′µ ∓ ρ
′2
∆
vµ, (17)
where ∆(λ) =
√
(v, ρ′)2 − v2ρ′2, we can determine from
the initial data the function Ψµ+ in the initial segment[
0, τˇ(λ2) + π
]
and the function Ψµ− in the segment[
τˇ(λ2) − π, 0
]
. The constants of integration are fixed
from the initial condition (15).
The functions Ψµ± are to be continued beyond the ini-
tial segments with the help of boundary conditions (9)
which may be reduced to the equations [16,17]
U ′µ1 (τ) = γm
−1
1
[
δµν − Uµ1 (τ)U1ν (τ)
]
Ψ′ν+(τ), (18)
U ′µ2 (τ) = γm
−1
2
[
δµν − Uµ2 (τ)U2ν (τ)
]
Ψ′ν−(τ − π), (19)
Ψ′µ− (τ) = Ψ
′µ
+ (τ) − 2m1γ−1U ′µ1 (τ), (20)
Ψ′µ+ (τ + π) = Ψ
′µ
− (τ − π)− 2m2γ−1U ′µ2 (τ). (21)
where δµν =
{
1, µ = ν
0, µ 6= ν. Solving the systems of
Eqs. (18), (19) with the initial conditions
Uµi
(
τˇ(λi)
)
= vµ(λi)
/√
v2(λi), i = 1, 2, (22)
we obtain the velocities Uµi (τ) on the base of the func-
tions Ψ′µ± (τ) known from Eqs. (17) in the initial segments.
Simultaneously we continue (with no limit) the functions
Ψµ± outside these segments with the help of Eqs. (20),
(21) and determine the world surface (12).
The above described procedure of solving the IBVP
for the string with the fixed end (the infinitely heavy
quark with m1 → ∞ is at rest) and m2 = 1, γ = 1 is
illustrated with Fig. 2. This is a typical example of a
slightly disturbed motion close to the rotational one (4).
In the case m1 →∞ Eqs. (18), (20) are to be substituted
for the equations [16] Uµ1 (τ) = U
µ
1 = const (the infinite
mass moves at a constant velocity) and
Ψ′µ− (τ) =
[
2Uµ1 U1ν − δµν
]
Ψ′ν+(τ), m1 →∞. (23)
Eq. (19) with initial condition (22), i = 2 was solved
numerically.
FIG. 2. The curved string motion of type (5), (6).
For the motion in Fig. 2 the initial distance between
the quarks is R(0) = 1, the initial string shape (the curve
1 in Figs. 2a and c) is determined by Eq. (6) with the
amplitude multiplier β0 = φ¨(0)ω
−3R−1(0) = 1. The
initial velocities of string points correspond to rotating in
xy-plane at the angular velocity ~ω = {0; 0;ω}, ω = 1/√2:
vµ(λ) = {1;~v(λ)}, ~v(λ) = [~ω × ~ρ(λ)] (24)
The initial speed of the moving end |~v(λ2)| = v⊥ =
ωR(0) = 1/
√
2 satisfies the relation
v2⊥ + ωv⊥mi/γ = 1 (25)
(i = 2), that is valid for the rotational motion (4) [4,13]
In Figs. 2a, b the positions of the string in xy-plane
(sections t = const of the world surface) are shown. They
are numbered in order of increasing t with the step in
time ∆t = 0.2 and these numbers are near the position
of the moving quark marked by the small circle. The first
turn of the string is shown in Fig. 2a and the fourth one
(after the missed time interval) is represented in Fig. 2b.
We can see that main features of the motion are kept:
the string rotates and its shape (slightly deviating from
straightness) changes quasiperiodically.
The evolution of this shape is shown in details in
Fig. 2c, where the first 9 curves from Fig. 2a (with the
same step ∆t = 0.2) are turned in xy-plane so that the
2-nd end of each curve lies on the axis of abscissas. In
other words the curves in Fig. 2c are the string posi-
tions in the frame of reference rotating with the string.
One may conclude that the shape (6) of the string is not
conserved with growing time. Changing the shape looks
like spreading waves along the string (that uniformly ro-
tates). Drawing other curves in this manner we see that
the disturbances of the shape do not grow with growing
time t. This also concerns of the distance R(t) between
the quarks shown in Fig. 2d. The distance R(t) vary
quasiperiodically near the initial value R(0) = 1. It is in-
teresting that the period TR ≃ 4.75 of varying R does not
coincide with the rotational period T = 2π/ω ≃ 8.886
and the period Ts ≃ 2 of changing the string shape. This
hierarchy of the periods or frequencies and the graphs in
Fig. 2e will be clarified below.
The picture of motion (including the behavior of R and
the string shape) is similar for various values of ω, R(0),
m2 connected by Eq. (25), and for various amplitudes β0
of the disturbance (6). If β0 is small enough the string
motion is visually identical with the pure rotational one.
But the disturbance of the string shape does not keep
its form. So we may conclude that the expressions (5),
(6) from Ref. [15] do not describe a motion of the curved
string during an appreciable time interval.
The problem of searching the quasirotational motions
of the curved string, for which the string shape behaves
like stationary waves is solved in this paper with the more
convenient (in comparison with Ref. [15]) analytical ap-
proach. This method also confirms analytically the nu-
merical investigation of the stability problem for the ro-
tational motions.
For this purpose we consider the string with the in-
finitely heavy end m2 →∞ (or with the fixed end in the
3
frame of reference moving at the velocity Uµ2 = const)
for the sake of simplicity. It is convenient to use the unit
velocity vector of the moving end
Uµ1 (τ) ≡ Uµ(τ), U2(τ) = 1 (26)
for describing the string motion because the world surface
is totally determined from the given function Uµ(τ) and
the value γ/m1 with using the formulas [17,18]
Ψ′µ± (τ) = m1γ
−1
[√−U ′2(τ)Uµ(τ) ± U ′µ(τ)]. (27)
If we substitute the analog of Eq. (23) for the second end
Ψ′µ+ (τ) = P
µ
ν Ψ
′ν
(−), P
µ
ν = 2U
µ
2 U2ν − δµν , m2 →∞
and Eq. (27) into Eq. (18), we get the relation
U ′µ(τ) = (δµν − UµUν)P νκ
[√
−U ′2(−) Uκ(−) − U ′κ(−)
]
. (28)
Here and below (−) ≡ (τ −2π), the argument (τ) may be
omitted.
The vector-function Uµ(τ) given in a segment with the
length 2π (if γ/m1, U
µ
2 are also given) contains all infor-
mation about this motion of the system [18]. Indeed,
the system of ordinary differential equations with shifted
argument (28) let us continue Uµ(τ) beyond the given
initial segment and obtain the world surface with using
Eqs. (27) and (12).
For the rotational motion (4) the velocity of the moving
quark satisfying Eq. (28) may be written in the form
U¯µ(τ) = Γ
[
eµ0 + v0e´
µ(τ)
]
, Γ = (1 − v20)−1/2. (29)
Here v0 = v⊥ = sinπθ is the constant speed of this quark;
e´µ = θ−1 ddτ e
µ(τ), eµ = eµ1 cos θτ + e
µ
2 sin θτ are unit
space-like rotating vectors, θ = ωb = π−1 arcsin v0 =
const is the “frequency” with respect to τ , the ends are
renumerated in comparison with Eq. (4). The 2-nd quark
in this frame of reference is at rest: Uµ2 = e
µ
0 .
To study the stability of the rotational motion (4) we
consider arbitrary small disturbances of this motion or of
the vector (29) in the form
Uµ(τ) = U¯µ(τ) + uµ(τ). (30)
The disturbance uµ(τ) is given in the initial segment, for
example, I = [−2π, 0]; it is to be small |uµ| ≪ 1 (we ne-
glect the second order terms) and satisfies the condition
(
U¯(τ), u(τ)
)
= 0, (31)
resulting from Eq. (26) for both Uµ and U¯µ.
Substituting expressions (30), (29) into Eq. (28) we
obtain the equation describing the evolution of uµ
u′µ +Quµ + U¯µ(U¯ ′, u) = (δµν − U¯µU¯ν)P νκ
[
Quκ(−)− u′κ(−)
]
+Q−1
[
(1 + 2v20) U¯
µ − Pµν U¯ν(−)
]
(U¯ ′(−), u
′
(−)), (32)
where
Q =
√
−U¯ ′2 = Γθv0 = v0 arcsin v0
π
√
1− v20
= const.
Projecting the disturbance uµ onto the basic vectors
eµ0 , e
µ(τ), e´µ(τ), eµ3 we denote its three independent com-
ponents in the following manner:
u0(τ) = (e0, u), ue(τ) = (e, u), uz(τ) = (e3, u).
The fourth component is expressed due to Eq. (31):
(e´, u) = −v−10 u0. Considering corresponding projections
one can transform the system (32) into the following one:
u′0 +Qu0 − ΓQue = u′0(−) −Qu0(−) − ΓQue(−), (33)
u′e +Que + θv
−1
0 u0 = u
′
e(−) +Que(−) + F (u0(−)), (34)
u′z +Quz = u
′
z(−) −Quz(−), (35)
where F (u0(−)) = θ(v
−1
0 + 2v0)u0(−) − 2
√
1− v20 u′0(−).
Eq. (35) for z-axial disturbances is independent on oth-
ers and may be easily solved: if uz(τ) is given in the initial
segment I = [−2π, 0], the continuation of this function
for τ > 0 is [here ∆uz = uz(0)− uz(−2π)]:
uz(τ) = uz(−) + e
−Qτ
[
∆uz − 2Q
∫ τ
0
eQτ˜uz(−) dτ˜
]
. (36)
The pure harmonic solutions (36) uz(τ) = e
iϑτ exist if
the “frequency” ϑ satisfies the relation
ϑ/Q = cotπϑ, (37)
resulting from substitution uz = e
iϑτ into Eq. (35). The
transcendental Eq. (37) has the countable set of roots
ϑn, n− 1 < ϑn < n, the minimal positive root ϑ1 = θ =
π−1 arcsin v0. These pure harmonic z-disturbances corre-
sponding to various ϑn result in the following correction
to the motion (4) [due to Eqs. (27), (12) there is only z
or eµ3 component of the correction]:
X3(τ, σ) = B sinϑnσ · cos(ϑnτ + ϕ0). (38)
Here the string ends have been again renumerated so
σ = 0 corresponds to the fixed end as in Eq. (4). The
amplitude B is to be small in comparison with ω−1.
Expression (38) describes oscillating string in the form
of orthogonal (with respect to the rotational plane) sta-
tionary waves with n−1 nodes in the interval 0 < σ < π.
Note that the moving quark is not in a node, it oscillates
along z-axis at the frequency ωn = ωϑn/θ. The shape
F = B sinϑnσ of the z-oscillation (38) is not pure sinu-
soidal with respect to the distance s = ω−1σ˜ = ω−1 sin θσ
from the center to a point “σ”:
F (s) = B sin(ϑnθ
−1 arcsinωs), 0 ≤ s ≤ v0/ω. (39)
If n = 1 this dependence is linear. In this trivial case the
motion is pure rotational (4) with a small tilt of the ro-
tational plane. But the motions (38) with excited higher
harmonics n = 2, 3, . . . are non-trivial.
Eq. (35), its harmonic solutions, the “frequencies” ϑn
as roots of Eq. (37) were investigated in Refs. [17,19]
where the motions of the meson string with lineariz-
able boundary conditions (9) were studied and classified.
Those solutions (in 3+ 1 - dimensional Minkowski space)
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with ϑn, n ≥ 2 described the exotic motions of the n− 1
times folded rectilinear string with n−1 points moving at
the speed of light. But in Eq. (38) these higher harmon-
ics became apparent as (much more physical) excitations
of the rotating string.
It was shown in Ref. [19] that any smooth function
u(τ) in a segment I with the length 2π may be expanded
in the series
u(τ) =
+∞∑
n=−∞
un exp(iϑnτ), τ ∈ I = [τ0, τ0 + 2π]. (40)
So if we expand any given disturbance uz(τ) in the initial
segment I, we obtain the solution (36) of Eq. (35) in the
form (40) for all τ ∈ R. If the initial function uz(τ)
satisfies Eq. (35) at the ends of I, uz(τ) ∈ C2(I), this
series converges absolutely in I, hence its sum (40) is
a limited function for all τ ∈ R. This is the proof of
stability of the rotational motions (4) for the string with
fixed end with respect to the z-oscillations.
In Fig. 2 we observe another type of oscillations. These
planar disturbances are described by Eqs. (33), (34).
Their solutions in the form u0 = β0e
iΘτ , ue = β1e
iΘτ
exist only if the “frequency” Θ satisfies the equation
Θ2 −Q2(1 + v−20 ) = 2QΘcotπΘ, (41)
The roots of Eq. (41) Θn ∈ (n − 1, n), n ≥ 1 behave
like the roots ϑn of Eq. (37) but Θn > ϑn. The distur-
bances (30) uµ = βµ exp(iΘnτ) correspond to the fol-
lowing small (B ≪ ω−1) harmonic planar oscillations or
planar stationary waves:
Xµ = eµ0 t+ e
µ(τ)
[
ω−1 sin θσ +Bfr(σ) cosΘnτ
]
+ B
[
eµ0f0(σ) + e´
µ(τ) fs(σ)
]
sinΘnτ, (42)
f0 = 2(θ
2 −Θ2n) cosΘnσ, B =
miβ0
2γ(Θ2n − θ2) sinπΘn
,
fs = (Θn + θ)
2 sin(Θn − θ)σ − (Θn − θ)2 sin(Θn + θ)σ,
fr = (Θn + θ)
2 sin(θ −Θn)σ − (Θn − θ)2 sin(Θn + θ)σ.
The shape of these stationary waves in the co-rotating
frame of reference (where the axes x and y are directed
along eµ and e´µ) is approximately described by the func-
tion B
[
fs(σ)− f0(σ) sin θσ
]
if the deflection is maximal.
These shapes F = Fn(s) for n = 1, 2, 3, 4 are shown
in Fig. 2e with indicated numbers n. For each n this
curved string oscillates at the frequency ωn = ωΘn/θ,
it has n − 1 nodes in (0, π) (which are not strictly
fixed because f0 and fr are non-zero) and the moving
quark is not in a node, especially for the main mode
with n = 1. The latter feature [similar to the motion
(38)] radically differs from that in expression (6) [15]
where the disturbance in this endpoint is forcedly nul-
lified. Note that Eq. (42) describes both the deflection
of this endpoint Be´µfs(π) sinΘnτ and its radial motion
Beµfr(π) cosΘnτ .
Any smooth disturbance u(τ) may be expanded in the
series similar to Eq. (40) with the roots Θn of Eq. (41)
[19]. So any quasirotational motion of this sting, in par-
ticular, the motion in Fig. 2 is the superposition of the
stationary waves (42) and (for nonplanar motions) (38).
This fact let us conclude, that the rotational motions (4)
for the considered model are stable, and explain the above
mentioned problem with the “hierarchy of the periods”
for the example in Fig. 2. Now, when we expand this
solution in the combination of expressions (42), it be-
comes obvious that the radial period TR (Fig. 2e) corre-
sponds the main “frequency” Θ1 ≃ 0.463 with the back-
ground of higher harmonics, whereas the “shape” period
Ts is connected mainly with the following “frequency”
Θ2 ≃ 1.149, because the string shape for the mode Θ1
is more close to rectilinear one (Fig. 2e) and it is “not
observable” in Fig. 2c. Remind that TRΘ1 = TsΘ2 = Tθ
where T is the rotational period and θ = 0.25.
The obtained results are generalized for the string with
both finite masses 0 ≤ m1,m2 <∞ at the ends. For this
purpose we are to substitute the disturbed expression
(30) into Eqs. (18) – (21), (27) and deduce the equations
generalizing Eqs. (32). The search of their oscillatory
solutions u3 = Bz exp(iϑτ), u
µ = Bµ exp(iΘτ) results in
the following generalizations of Eqs. (37) and (41):
(ϑ−Q1Q2/ϑ)
/
(Q1 +Q2) = cotπϑ, (43)
Φ1(Θ)Φ2(Θ)− 4Q1Q2Θ2
2Θ
[
Q1Φ2(Θ) +Q2Φ1(Θ)
] = cotπΘ, (44)
where Qi = θvi/
√
1− v2i , vi are the constant speeds of
the ends for Eq. (4), Φi(Θ) = Θ
2 − Q2i (1 + v−2i ). Cor-
responding disturbances of the rotational motion (4) are
the stationary waves behaving similar to Eqs. (38), (42).
In particular, in Eq. (38) one should substitute sinϑnσ
for cos(ϑnσ+φn). In this case the endpoints also oscillate
at satisfying Eqs. (43), (44) “frequencies” ϑn or Θn.
All roots of Eqs. (43), (44) are real numbers. Hence,
amplitudes of these harmonics are not increasing (and
not decreasing) and the quasirotational motions con-
structed as combinations of these harmonics are stable
(but they are not asymptotically stable). Note that the
minimal positive root of both Eqs. (43) and (44) equals
θ = ωb. In both cases the corresponding solutions are
trivial: they describe a small tilt of the rotational plane
or a small shift of the rotational center in this plane.
The obtained oscillatory motions may be simulated nu-
merically when we solve the IBVP with the initial data
corresponding to the excitation only one mode. Such an
example for the string with the masses m1 = 2, m2 = 1
at the ends and γ = 1, ∆t = 0.1 is represented in Fig. 3:
the first 20 positions of the string are in Fig. 3a and the
following ones after 3 turns of the system are in Fig. 3b.
The first quark is marked by the point. Here the ini-
tial position is close to the rectilinear segment with the
lengths of its two parts R1 ≃ 0.179, R2 = 0.3 connected
with ω ≃ 1.6 by Eq. (25) where v⊥ = v⊥i = ωRi. The
corresponding value θ ≃ 0.252 is the first positive root of
Eq. (43). These roots may be seen in Fig. 3c, where the
l. h. s. of Eq. (43) is shown as dash line, its analog for
Eq. (44) is the blue full line and the graph of cotπΘ is
the red line.
The initial string position (the curve 1 in Fig. 3a) is
the rectilinear segment but the initial velocities are dis-
turbed in comparison with Eq. (24): ~v =
[
~ω× ~ρ]+δ~v(λ).
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The disturbance δ~v corresponds to the form of the sec-
ond planar oscillatory harmonic connected with the root
Θ2 ≃ 1.1277 of Eq. (44). The shapes of these harmonics
for Θ1 ≃ 0.4458, Θ2, Θ3 ≃ 2.0669, Θ4 ≃ 3.045 with in-
dicated numbers are shown in Fig. 3d. Fig. 3e illustrates
the shapes of the curved string with the step ∆t = 0.05
in the co-rotating (at the frequency ω) frame of reference,
the initial shape is the rectilinear red dash line. In Fig. 3f
the deflection δ(t) of the string shape from rectilinear one
(measured in the middle of the string) is shown and also
the distance R(t) between the quarks (the red dash line).
Arbitrary slightly disturbed rotational motions may
also be obtained as solutions of the IBVP with certain
initial data. Numerical experiments show their stabil-
ity and that they are always superpositions of the above
described stationary waves.
The stability problem for the rotational motions for
the string baryon models q-q-q, Y and ∆ (Fig. 1) is more
complicated one in comparison with that for the meson
string model. We shall consider all string baryon config-
urations in turn starting from the model “triangle” [8,9].
FIG. 3. The disturbed rotational motion of the string with
m1 = 2, m2 = 1.
II. “TRIANGLE” BARYON MODEL
This configuration may be regarded as a closed rela-
tivistic string with the tension γ carrying three pointlike
masses m1, m2, m3 [8,9]. In action (1) for the “trian-
gle” model N = 3 and the domain Ω is divided by the
quark trajectories into three domains: Ω = Ω0∪Ω1∪Ω2,
Ωi = {(τ, σ) : σi(τ) < σ < σi+1(τ)} (Fig. 4). The equa-
tions σ = σ0(τ) and σ = σ3(τ) determine the trajectory
of the same (third) quark. It is connected with the fact
that string is closed (so the world surface is tube-like)
and may be written in the following general form [8]:
Xµ(τ, σ0(τ)) = X
µ(τ∗, σ3(τ
∗)). (45)
The parameters τ and τ∗ in these two parametrizations
of just the same line are not equal in general.
The equations of string motion and the boundary con-
ditions at three quark trajectories result from action (1)
[8,9]. Derivatives of Xµ can have discontinuities on the
lines σ = σi(τ) (except for tangential). However, by
choosing coordinates τ , σ the induced metric on all the
world surface may be made continuous and conformally
flat [8], i.e. satisfying the orthonormality conditions (7).
Under these conditions the equations of motion for all Ωi
take the form (8) and the boundary conditions are [8,9]
mi
d
dτ
Uµi (τ) − γ
[
X ′µ + σ′i(τ) X˙
µ
]∣∣∣
σ=σi+0
+ γ
[
X ′µ + σ′i(τ) X˙
µ
]∣∣∣
σ=σi−0
= 0, (46)
where the same notation Uµi for the unit velocity vector
of i-th quark is used. In accordance with Eq. (45) for the
3-rd quark one should put σ = σ0(τ) in the second term
of Eq. (46) and replace τ by τ∗ in the last term.
At this stage we have five undetermined functions in
this model: τ∗(τ) in the closure condition (45) and four
trajectories σi(τ), i = 0, 1, 2, 3. Using the invariance of
Eqs. (7), (8), (46) with respect to the reparametrizations
(11) we fix two of these functions as follows (Fig. 4):
σ0(τ) = 0, τ
∗(τ) = τ. (47)
The remaining three functions will be calculated with
solving the IBVP.
The first Eq. (47) may be obtained by the substitu-
tion (11) with the required f+ and f−(η) = η. At the
second step one can get the equality τ∗ = τ by repeating
the procedure (11) with the function f+ = f− ≡ f that
satisfies the condition
2f(τ) = f
(
τ∗(τ) + σ3(τ)
)
+ f
(
τ∗(τ)− σ3(τ)
)
.
The constraint τ∗(τ) = τ (that is the closure of any co-
ordinate line τ = const on the world surface) was not
fulfilled in Refs. [8,9].
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FIG. 4. The domain Ω for the model ∆.
Because of discontinuities of X ′µ at σ = σi(τ) the gen-
eral solutions of Eq. (8) in three domains Ωi are described
by three different functions (i = 0, 1, 2)
Xµ(τ, σ) =
1
2
[
Ψµi+(τ + σ) + Ψ
µ
i−(τ − σ)
]
, (τ, σ) ∈ Ωi.
(48)
Nevertheless, the function Xµ (with the tangential
derivatives) is continuous in Ω.
The initial-boundary value problem (IBVP) for the
“triangle” string configuration is stated similarly to that
for the meson model in Sect. I. The procedure of its solv-
ing is briefly described below. One can find the details
in e-print [20].
An initial position of the string can be given as the
curve (13) in Minkowski space but for the ∆-model
λ ∈ [λ0, λ3] and this curve is closed: ρµ(λ0) = ρµ(λ3).
The function ρµ(λ) is piecewise smooth, ρ′µ may have
discontinuities at the quark positions λ = λ1, λ2.
Initial velocities on the initial curve can be given as a
time-like vector vµ(λ), λ ∈ [λ0, λ3], vµ(λ) may be mul-
tiplied by an arbitrary scalar function φ(λ) > 0. The
condition vµ(λ0) = v
µ(λ3) · const is fulfilled.
To solve the problem we use the parametrization (14),
(15), λ ∈ [λ0, λ3] of the initial curve on the world sur-
face (Fig. 4) and the formulas (17) for determining the
functions Ψ′µi± from the initial data in the finite segments
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Ψµi+(ξ), ξ ∈
[
τˇ (λi) + σˇ(λi), τˇ (λi+1) + σˇ(λi+1)
]
,
Ψµi−(ξ), ξ ∈
[
τˇ (λi+1)− σˇ(λi+1), τˇ(λi)− σˇ(λi)
]
, (49)
that lets us find the solution of the problem in the form
(48) in the zones Di shown in Fig. 4. In these zones
bounded by the initial curve and the characteristic lines
τ − σ ≤ τˇ (λi) − σˇ(λi), τ + σ ≤ τˇ (λi+1) + σˇ(λi+1) the
solution depends only on initial data without influence
of the boundaries. In others parts of the domains Ωi
the solution is obtained with the help of the boundary
conditions (46) which may be reduced to the form [20]
U ′µi = γm
−1
i
[
δµν − Uµi (τ)Uiν(τ)
]
× d
dτ
[
Ψνi+(τ + σi) + Ψ
ν
(i−1)−(τ − σi)
]
. (50)
For i = 3 in Eq. (50) one should replace Ψµ3+(τ + σ3) by
Ψµ0+(τ) in accordance with Eqs. (45) and (47).
Integrating systems (50) with the initial conditions
(22), i = 1, 2, 3 we can determine unknown vector func-
tions Uµi (τ) for τ ∈ [τˇ (λi), τci ] with the help of the func-
tions Ψ′µi± known in the segments (49) from the initial
data. Here τci are (minimal) ordinates of the points in
which the trajectories σ = σi(τ) cross the characteristic
lines τ ± σ = const (Fig. 4). However we can continue
this procedure for τ > τci if for every value of τ [after
calculating U ′µi from Eq. (50)] we determine Ψ
′µ
i± outside
segments (49) from the equations (i = 1, 2)
Ψµ(i−1)+(τ + σi) = Ψ
µ
i+(τ + σi)− miγ Uµi (τ) + C+i ,
Ψµi−(τ − σi) = Ψµ(i−1)−(τ − σi)− miγ Uµi (τ) + C−i . (51)
They are obtained from Eqs. (46), (48) and from conti-
nuity of Xµ [20]. The similar relations for i = 3 are
Ψµ2+(τ + σ3) = Ψ
µ
0+(τ)−m3γ−1Uµ3 (τ) + C+3 ,
Ψµ0−(τ) = Ψ
µ
2−(τ − σ3)−m3γ−1Uµ3 (τ) + C−3 .
The constants of integration C±i are fixed from Eq. (15).
For solving the system (50) we are to determine the
functions σi(τ) for τ > τˇ (λi). Multiplying U
µ
i (τ) by
d
dτΨ
µ
j±(τ ± σi) we obtain the equalities
(1− σ′i)
(
Ui,Ψ
′
(i−1)−(τ − σi)
)
= (1+ σ′i)
(
Ui,Ψ
′
i+(τ + σi)
)
which let us express σ′i in the following way (separately
for i = 1, 2 and i = 3):
dσi
dτ
=
(
Ui, [Ψ
′
(i−1)−(τ − σi)− Ψ′i+(τ + σi)]
)
(
Ui, [Ψ′(i−1)−(τ − σi) + Ψ′i+(τ + σi)]
) , (52)
dσ3
dτ
= 1−
(
U3,Ψ
′
0+(τ)
)
(
U3,Ψ′2−(τ − σ3)
) .
Here Uµi ≡ Uµi (τ).
Eqs. (50) – (52) allow us to continue the functions
Ψµi± unambiguously beyond the segments (49). This al-
gorithm solves (numerically in general) the considered
IBVP with arbitrary initial conditions ρµ(λ), vµ(λ).
For the model “triangle” the exact solutions of
Eqs. (8), (7), (45), (46) describing rotational motions of
the system (with hypocycloidal segments of the strings
between the quarks) are obtained in Refs. [8,9]. World
surfaces with the parametrization σi(τ) = σi = const and
the form of closure condition (45) τ∗ − τ = T = const
may be represented as follows (X1 ≡ x, X2 ≡ y):
X0 = τ − ασ, X1 + iX2 = w(σ) eiωτ . (53)
Here w(σ) = Ai cosωσ + Bi sinωσ, σ ∈ [σi, σi+1]; α =
T/(σ3−σ0) = const, ω is the angular frequency of this ro-
tation. Real (σi, T , ω, mi/γ) and complex (Ai, Bi) con-
stants are connected by certain relations [8,9,14]. There
are many topologically different types† of solutions (53)
but we shall consider motions close to the simple states
[9] in which three quarks are connected by smooth seg-
ments of hypocycloids.
The simple motions (53) may be obtained by solving
the IBVP with corresponding initial data. To research
the stability of these motions we consider here the dis-
turbed initial conditions ρµ(λ) and vµ(λ). With an illus-
trative view in Fig. 5 the example of such a motion [close
to the simple state (53)] of the “triangle” configuration
is represented. Here the initial string position is the rec-
tilinear equilateral triangle with the base a = 0.5 and the
altitude h = 0.33 in the xy-plain (position 1 in Fig. 5a).
The initial velocities vµ(λ) in the form (24) correspond
to the uniform rotation of the system at the frequency
~ω = {0; 0;ω}, ω = 2 about the origin of coordinates. The
quarks with masses m1 = 1, m2 = 1.5, m3 = 1.2, γ = 1
are placed at the corners of the triangle.
The results of computing are represented as projections
of the world surface level lines t = X0(τ, σ) = const onto
the xy plain as in Figs 2, 3 and numbered with the time
step ∆t = 0.15. The values ρµ(λ) and vµ(λ) are close to
those which give the exact hypocycloidal solution (53) for
this system (with the same mi, γ and ω = 2) describing
the uniform rotation of the system with the string shape
that is x-marked in Fig. 5a. The positions of the third
quark with m3 = 1.2 are marked by circles.
The further evolution of the system after one turn of
the triangle is represented in Fig. 5b (one can find the
omitted phases of this motion in Ref. [20]). In Fig. 5c
the dependence of three mutual distances Rij between
the three quarks on time t is shown, in particular, R12(t)
is denoted by the full line. In Fig. 5d the deflection δ(t)
from rectilinearity of the string segment with R13(t) is
shown. We see that when the system rotates the dis-
tances between the quarks and the configuration of the
string segments fluctuate near the values corresponding
to the motion (53) (x-marks in Fig. 5a).
This situation is typical for slightly disturbed rota-
tional motions of the string baryon model “triangle”. Nu-
merous tests (with various values mi, the energy, ρ
µ(λ),
vµ(λ) and various types of disturbances [20]) show that
the simple rotational motions (53) are stable. That is
small disturbances of the motions (initial conditions) do
not grow with growing time.
†The so called exotic states [9] contain string points moving
at the speed of light.
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Emphasize that the simple motions (53) are stable with
respect to transforming into the “quark-diquark” states
of the ∆ string configuration [9] with merging two quarks
into the diquark. It is shown in Ref. [20] that such a
transformation may be obtained only through very strong
disturbances of the initial conditions, for example, by
essential reducing one of the sides of the initial triangle.
However, in this case the two nearest quarks do not merge
but revolve with respect to each other.
When one of the quark masses mi is larger than the
sum of two others the shape of the triangle configuration
for the simple rotational motion (53) tends to a recti-
linear segment with the position of the heaviest mass at
the rotational center when the energy of the system de-
creases [9]. In other words the ∆ configuration tends to
the q-q-q one. But the motion of the “triangle” model
remains stable unlike that of the q-q-q model described
in the next section.
III. LINEAR STRING CONFIGURATION
The dynamics of the linear (q-q-q) string baryon model
is described by action (1) where N = 3 and the domain Ω
is divided by the middle quark trajectory into two parts
Ω1 and Ω2: Ωi = {(τ, σ) : σi(τ) < σ < σi+1(τ)}, σ1(τ) <
σ2(τ) < σ3(τ) [5]. The equations of string motion under
conditions (7) may be reduced to the same form (8). The
boundary conditions at the ends σ = σ1 and σ = σ3 look
like Eqs. (9) but for the middle quark they take the form
(46), i = 2. At this line the derivatives of Xµ are not
continuous in general.
Using the reparametrizations (11) we fix two (from
three) functions σi(τ) in the form similar to (10): σ1 = 0,
σ3 = π. The third function σ2(τ) is obtained from
Eq. (52) with solving IBVP that is described in details
in in Ref. [5]. The main stages of this procedure are the
same as in Sects. I, II: determining the functions Ψµi±,
i = 1, 2 in Eq. (48) with the help of given ρµ(λ), vµ(λ)
and Eq. (17) in the initial segments (49). The further
continuation of Ψµi± beyond (49) includes the equations
similar to (18) - (21) for the endpoints (here i = 3 for the
second end) and Eqs. (50), (51) for the middle quark.
The rotational motion of the q-q-q system is described
by Eq. (4) but with the middle quark at the center of
rotation. The authors of Ref. [4] assumed that motion is
unstable with respect to centrifugal moving away of the
middle quark and transforming this configuration into
the quark-diquark one. The numerical experiments were
made in Ref. [5] in accordance with the above scheme
of solving the IBVP. They showed that the rotational
motion of the q-q-q system is unstable indeed. Any ar-
bitrarily small disturbances of the initial data result in
the complicated motion of the middle quark including its
centrifugal moving away but the material points never
merge and the configuration never transforms into q-qq
one on the classic level.
In Fig. 6 the example of such a motion of the q-q-q
system is represented (Figs. 6a – 6d) in comparison with
the similar motion of the model “triangle” (Figs. 6e – 6g).
For both models the quark masses are m1 = m3 = 1,
m2 = 3, ∆t = 0.15 the tension is γ∆ = 1 in the “tri-
angle” and γ = 2 in the q-q-q configuration. The initial
shape of the string is the rectilinear segment, for the ∆
configuration it is a particular case of the hypocycloidal
motion (53). The initial velocities satisfies Eqs. (24), (25)
where v⊥ = v0 = 0.5. The position of the middle quark
(marked by the square) is slightly displaced with respect
to the center of rotation so it uniformly moves at the
initial stage (Figs. 6a, 6e) where the behavior if both
systems practically coincides.
Further (starting with position 17 in Fig. 6b) one can
see that in the q-q-q model the middle heavy quark moves
to the string end, while in the “triangle” model (Figs. 6f,
6g) it remains in the vicinity of the rotational center.
The latter configuration is stable unlike the q-q-q one.
The axes are omitted here for saving in space.
But the minimal distance between the nearest two
quarks for the q-q-q system never equals zero. The mid-
dle quark begins to play a role of rotational center for
this string segment (Fig. 6c) and then it returns to the
center of the system (Fig. 6d) and the process recurs.
Such a quasiperiodic motion of the q-q-q system is the
qualitatively universal result of the evolution for motions
(4) with various types of disturbances [5].
IV. THREE-STRING MODEL
In the three-string baryon model or Y-configuration
[6,7,21,22] three world sheets (swept up by three seg-
ments of the relativistic string) are parametrized with
three different functions Xµi (τi, σ). It is convenient to
use the different notations τ1, τ2, τ3 for the “time-like”
parameters [21,23]. But the “space-like” parameters are
denoted here by the same symbol σ. These three world
sheets are joined along the world line of the junction that
may be set as σ = 0 for all sheets without loss of gener-
ality (see below and Ref. [23]).
Under these notations the action of the three-string is
close to (1):
S = −
3∑
i=1
∫
dτi
[
γ
σi(τi)∫
0
√−gi dσ +mi
√
x˙2i (τi)
]
. (54)
This action with different τi generalizes the similar ex-
pressions in Refs. [6,7,21] (wheremi = 0) and in Ref. [22],
where mi 6= 0 but the class of motions is limited.
There is the additional boundary condition at the junc-
tion taking the form
Xµ1
(
τ, 0
)
= Xµ2
(
τ2(τ), 0
)
= Xµ3
(
τ3(τ), 0
)
, (55)
if the parameters τi on the three world sheets are con-
nected at this line in the following manner:
τ2 = τ2(τ), τ3 = τ3(τ), τ1 ≡ τ.
The equations of motion (2) and the boundary con-
ditions for the junction and the quark trajectories are
deduced from action (54). Using its invariance one may
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choose the coordinates in which the orthonormality con-
ditions (7) are satisfied and string equations of motion
for all Xµi take the form (8). The junction condition (55)
unlike more rigid condition with τ1 = τ2 = τ3 on the
junction line [6,7] let us choose these coordinates inde-
pendently on each world sheet. After this substitution
(new coordinates are also denoted τi, σ) the inner equa-
tions of the junction line will be more general σ = σ0i(τi)
(in comparison with the previous ones σ = 0) and the
boundary conditions in the junction and on the quark
trajectories σ = σi(τi) will take the following form:
3∑
i=1
[
X ′µi (τi, σ0i) + σ
′
0i(τi) X˙
µ
i (τi, σ0i)
]
τ ′i(τ) = 0, (56)
miU
′µ
i (τi) + γ
[
X ′µi + σ
′
i(τi) X˙
µ
i
]∣∣∣
σ=σi(τi)
= 0. (57)
Here in Eq. (56) τi = τi(τ), σ0i = σ0i
(
τi(τ)
)
.
The reparametrizations similar to (11)
τ˜i ± σ˜ = fi±(τi ± σ), i = 1, 2, 3 (58)
(with six arbitrary smooth monotone functions fi±) keep
invariance of Eqs. (7), (8), (56), (57). Choosing the func-
tions fi± we can fix the equations of the junction and
quark trajectories on each world sheet independently in
the form (10)
σ0i(τi) = 0, σi(τ) = π, i = 1, 2, 3, (59)
One can obtain the first Eq. (59) like that in Eq. (47)
and the equalities σi = π through the substitution (58)
with fi+ = fi− keeping invariance of the equation σ = 0.
In this paper the parametrization satisfies the condi-
tions (59) and (7). But the “time parameters” τ1, τ2
and τ3 in Eq. (55) are not equal in general. The possible
alternative approach implies introducing the condition
τ2(τ) = τ3(τ) = τ on the junction line (55) in conjunc-
tion with the condition σ0i = 0 (or σ0i = const). But
under these restrictions two of the functions σi(τ) on the
quark trajectories are not equal to constants in general.
If under orthonormal gauge (7) we demand satisfying
as conditions (59), as the equalities τ1 = τ2 = τ3 on the
junction line (55) (as, for example, in Ref. [7]), then we
actually restrict the class of motions of the system, which
the model describes. In other words, not all physically
possible motions satisfy the above mentioned conditions.
The proof of these statements in Ref. [23] uses the fact
that under restrictions (7) only reparametrizations (58)
with the functions fi+ = fi− = fi satisfying the condi-
tion (16) keep Eqs. (59) [23,19]. These functions have
the properties: if f(ξ) and g(ξ) satisfy the conditions
(16), then the inverse function f−1(ξ) and the superpo-
sition f
(
g(ξ)
)
also satisfy (16). To obtain the equali-
ties τ˜2 = τ˜3 = τ˜1 on the junction line σ = 0, we have
to use transformations (58), (16) satisfying the relations
τi(τ) = f
−1
i
(
f1(τ)
)
, i = 2, 3. This is possible only if the
functions τ2(τ), τ3(τ) satisfy conditions (16), which are
not fulfilled for an arbitrary motion in general [23].
For describing an arbitrary motion of the three-string
in the suggested approach the unknown functions τi(τ)
are determined from dynamic equations with solving the
IBVP for this system. This approach is similar to the
above-formulated one for other string models. In partic-
ular, for the Y configuration we have the general solution
(48) where the index i in Ψµi± numerates the world sheets.
Using the given initial position of the three-string in the
form of three joined curves in Minkowski space
xµ = ρµi (λ), λ ∈ [0, λi], ρµ1 (0) = ρµ2 (0) = ρµ3 (0)
and initial velocities vµi (λ) we obtain the functions Ψ
µ
i+
and Ψµi− in the initial segments
[
0, τˇi(λi) + π
]
and[
τˇi(λi)− π, 0
]
correspondingly from Eq. (17).
The functions Ψµi± are to be continued with using the
boundary conditions (55), (56), (57). In particular, the
conditions on the quark trajectories (57) are reduced to
the form (19), (21), (22):
U ′µi = γm
−1
i
[
δµν − Uµi (τi)Uiν(τi)
]
Ψ′νi−(τi − π), (60)
Ψ′µi+(τi + π) = Ψ
′µ
i−(τi − π)− 2miγ−1U ′µi (τi). (61)
Substituting Eq. (48) for Xµi into the boundary con-
ditions in the junction (55), (56), (59) we express the
function Ψ′µi−(τi) through Ψ
′µ
i+(τi):
d
dτ
Ψµi−
(
τi(τ)
)
=
3∑
j=1
Tij
d
dτ
Ψµj+
(
τj(τ)
)
, (62)
where Tij =
{ −1/3, i = j
2/3, i 6= j .
Eqs. (62), (61) and (60) let us infinitely continue the
functions Ψµi± outside the initial segments if the functions
τ2(τ) and τ3(τ) are known. They can be found with
using the isotropy condition Ψ′2i±(τi) = 0 [resulting from
Eqs. (7)] and the following consequences of Eqs. (55):
[τ ′i(τ)]
2
(
Ψ′i+(τi),Ψ
′
i−(τi)
)
=
(
Ψ′1+(τ),Ψ
′
1−(τ)
)
.
Substituting Ψ′µi− from Eq. (62) into these relations we
obtain the formulas for calculating the functions τi(τ)
τ ′2(τ) =
(Ψ′1+,Ψ
′
3+)
(Ψ′2+,Ψ
′
3+)
, τ ′3(τ) =
(Ψ′1+,Ψ
′
2+)
(Ψ′2+,Ψ
′
3+)
. (63)
Here the functions Ψ′µi+ ≡ Ψ′µi+(τi) are taken from
Eqs. (17) and (61) during solving the IBVP.
Eqs. (60) – (63) form the closed system for infinite con-
tinuation of Ψµi± or for solving the IBVP in the three-
string model. The described method is used here (and
with more details in Ref. [23]) for investigating the ro-
tational stability of this configuration. For this purpose
we consider the IBVP with disturbed initial conditions
ρµi (λ) and v
µ
i (λ).
As was mentioned above the rotational motion of the
three-string is uniform rotating of three rectilinear string
segments joined in a plane at the angles 120◦ [6,7]. Their
lengths Ri or the speeds vi = ωRi are connected with
the angular velocity ω by the relation (25) or
Riω
2(Ri +mi/γ) = 1. (64)
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This motion and slightly disturbed motions may be ob-
tained (numerically, in general) by solving the IBVP with
appropriate initial position ρµi (λ) in the form three recti-
linear segments with lengths Ri and velocities (24) with
some disturbances δρµi (λ) or δv
µ
i (λ).
The typical example of a quasirotational motion of the
three-string with masses m1 = 1, m2 = 2, m3 = 3, γ = 1
is represented in Fig. 7. Here the positions of the system
in xy-plane are numbered in order of increasing t with the
step in time ∆t = 0.125 and these numbers are near the
position of the first quark marked by the small square.
This motion is close to the rotational one: the initial
velocities satisfy the relation (24), δvµi = 0, the angular
velocity ω ≃ 1.6 and the different lengths R1 = 0.3, R3 ≃
0.125 are connected by Eqs. (64). But the assigned value
R2 = 0.22 does not satisfy (64) (that gives R2 ≃ 0.179)
so this difference plays a role of the disturbance for the
motion in Fig. 7.
The evolution of this disturbance includes the motion
of the junction (Fig. 7a, b) with varying the lengths of the
string segments unless one of these lengths becomes equal
to zero, i.e. the third quark falls into the junction merges
with the junction after the shown position 31 in Fig. 7c.
They move together (Fig. 7d) during the finite time. The
waves from the point of merging spread along the strings
and complicate the picture of motion. Falling i-th ma-
terial point into the junction is simultaneous with the
becoming infinite the corresponding “time” (τi → ∞).
This is not “bad parametrization” but the geometry of
the system changes: the three-string transforms into the
q-q-q configuration after merging a quark with the junc-
tion. The lifetime of this “q-q-q stage” is finite but non-
zero because the material point with the massmi moving
at a speed v < 1 can not slip through the junction instan-
taneously. Otherwise under three non-compensated ten-
sion forces the massless junction will move at the speed
of light. But we must note, that this description is pure
classical one: it will unlikely be the same after developing
a more general QCD-based theory.
Nevertheless on the classic level the numerical exper-
iments in Ref. [23] show that the picture of motion in
Fig. 7 is qualitatively identical for any small asymmet-
ric disturbance δρµi (λ) or δv
µ
i (λ). Starting from some
point in time the junction begins to move. During this
complicated motion the distance between the junction
and the rotational center increases and the lengths of the
string segments vary quasiperiodically unless one of the
material points inevitably merges with the junction. So
one may conclude that rotational motions of the three-
string are unstable. The evolution of the instability is
slow at the first stage if the disturbance is small, but
the middle and final stages are rather similar to the mo-
tion in Fig. 7b, c. The dependencies τi(τ) for these
motion do not satisfy the periodicity conditions (16) in
general [23]. This fact does not allow describing these
motions in the frameworks of the parametrization [6,7]
with τ1 = τ2 = τ3. The above-described behavior of
slightly disturbed rotational motions takes place also for
the massless (mi = 0) three-string model [23].
CONCLUSION
In this paper the classic motions of the various meson
and baryon (Fig. 1) string models close to the rotational
motions (4) or (53) are investigated. For the meson string
model (or the q-qq baryon configuration) it is made both
analytically and numerically but in each of these meth-
ods we use the orthonormal conditions (7) which let us
reduce the problem to solving the systems of ordinary dif-
ferential equations (18), (19), (28). Using this approach
we obtained a set of solutions (38), (42) describing small
oscillatory excitations of the rotating string in the form
of stationary waves. They are divided into two classes:
the orthogonal or z-oscillations (38) and the planar os-
cillations (42). Each class contains the countable set of
solutions with different “frequencies” ϑn, Θn, which are
the roots of Eqs. (37), (41), (43), (44). For these sta-
tionary waves the moving quarks are not in a node of
oscillation, they also oscillate. This was one of the rea-
sons resulting in the wrong expression (6) in Ref. [15].
The energyM and the angular momentum J of the os-
cillatory excited motions (38), (42) are close to the values
M and J [13] for the pure rotational motions (4) because
the disturbances are small. But these states (precisely
speaking, their generalizations) in the case of strong dis-
turbances may be used for describing the meson states,
which are interpreted as higher radially excited states in
the potential models [14]. Note that the planar oscilla-
tions (42) include also the radial motions of the string
endpoints (a quark trajectory in the co-rotating frame of
reference is an ellipse). This especially concerns of the
mode with the “frequency” Θ1 of Eq. (41) or (44).
A search of quasirotaional motions in the form simi-
lar to (30) for the string baryon model “triangle”, q-q-
q and Y encounters essential difficulties connected with
non-fixed quark trajectories σ = σi(τ) in Eq. (46) or the
expressions τi(τ) in Eq. (55) for the three-string configu-
ration. But for each string baryon model the method of
solving the initial-boundary value problem with arbitrary
initial position and velocities is suggested. Using this ap-
proach we numerically simulated various quasirotational
motions for all the models and obtained that the simple
[9] rotational states of the string model “triangle” are
stable (i. e. small disturbances behave like in the meson
model) and the rotational motions of the systems q-q-q
and Y are unstable. In the latter two cases any small
asymmetric disturbances grow with growing time. For
the model q-q-q the middle quark moves away from the
center under the centrifugal force but then it quasiperi-
odically returns without merging with an endpoint. The
evolution of the three-string instability includes the com-
plicated motion of the junction and inevitably results in
falling one of the quarks into the junction.
These features of the classical behavior of the string
baryon models give some advantage for the q-qq and “tri-
angle” systems over the q-q-q and Y configurations. But
this does not mean final “closing” the latter two mod-
els, in particular, because of the fact, that the majority
of orbitally excited baryon states are resonances so their
classical stability is the problem of minor importance.
10
So the final choice of the string baryon model is to de-
pend on all aspects of this problem, including QCD-based
grounds [10,11] and describing the baryon Regge trajec-
tories [13,14].
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FIG. 5. The quasirotational motion of the model ∆.
FIG. 6. Behavior of the q-q-q system (a – d) in comparison
with the model ∆ (e – g).
FIG. 7. The disturbed motion of the three-string model.
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